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THE word quaternionproperly means“a set of four.” In employing sucha
word to denotea new mathematicalmethod,Sir W. R. Hamilton was probably
influencedby the recollectionof its Greekequivalent,thePythagoreanTetractys,
themysticsourceof all things.

Quaternions(asa mathematicalmethod) is an extension,or improvement,of
Cartesiangeometry, in whichtheartificesof coordinateaxes,&c., aregotrid of, all
directionsin spacebeingtreatedonpreciselythesameterms.It is therefore,except
in someof its degradedforms,possessedof theperfectisotropy of Euclidianspace.

From the purely geometricalpoint of view, a quaternionmay be regardedas
thequotientof two directedlines in space—or, whatcomesto thesamething, as
thefactor, or operator, which changesonedirectedline into another. Its analytical
definitioncannotbegivenfor themoment;it will appearin thecourseof thearticle.

History of theMethod.—Theevolution of quaternionsbelongsin part to each
of two weightybranchesof mathematicalhistory—theinterpretationof the imagi-
nary (or impossible) quantityof commonalgebra,andtheCartesianapplicationof
algebrato geometry. Sir W. R. Hamiltonwasled to his greatinventionby keeping
geometricalapplicationsconstantlybeforehim while heendeavouredto giveareal
significanceto

� �
1. Wewill thereforeconfineourselves,sofarashispredecessors

areconcerned,to attemptsat interpretationwhich hadgeometricalapplicationsin
view.

Onegeometricalinterpretationof thenegative sign of algebrawasearly seen
to bemerereversal of directionalonga line. Thus,whenanimageis formedby a
planemirror, thedistanceof any point in it from themirror is simply thenegative
of thatof thecorrespondingpointof theobject.Or if motionin onedirectionalong
a line be treatedaspositive, motion in theoppositedirectionalongthesameline
is negative. In thecaseof time, measuredfrom theChristianera,this distinction
is at oncegiven by the lettersA.D. or B.C., prefixed to thedate. And to find the
position, in time, of oneevent relatively to another, we have only to subtractthe
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dateof thesecond(takingaccountof its sign) from thatof thefirst. Thusto find
theinterval betweenthebattlesof Marathon(490B.C.) andWaterloo(1815A.D.)
we have �

1815
�����

490��� 2305 years.

And it is obvious that thesameprocessappliesin all casesin which we dealwith
quantitieswhich mayberegardedasof onedirecteddimensiononly, suchasdis-
tancesalonga line, rotationsaboutan axis, &c. But it is essentialto noticethat
this is by no meansnecessarilytrueof operators. To turn a line througha certain
anglein a givenplane,a certainoperatoris required;but whenwe wish to turn it
throughan equalnegative anglewe mustnot, in general,employ the negative of
the formeroperator. For thenegative of theoperatorwhich turnsa line througha
given anglein a given planewill in all casesproducethenegative of theoriginal
result,which is not theresultof thereverseoperator, unlesstheangleinvolvedbe
anoddmultipleof aright angle.This is,of course,ontheusualassumptionthatthe
signof aproductis changedwhenthatof anyoneof its factorsis changed,—which
merelymeansthat

�
1 is commutative with all otherquantities.

ThecelebratedWallis seemsto have beenthefirst to pushthis ideafurther. In
his Treatiseof Algebra (1685)he distinctly proposesto constructthe imaginary
rootsof a quadraticequationby going out of the line on which the roots,if real,
wouldhave beenconstructed.

In 1804theAbbé Buée1, apparentlywithout any knowledgeof Wallis’s work,
developedthis idea so far as to make it useful in geometricalapplications. He
gave, in fact, the theoryof what in Hamilton’s systemis calledCompositionof
Vectors in oneplane—i.e., the combination,by

�
and

�
, of complanardirected

lines. His constructionsarebasedon the ideathat the imaginaries	 � � 1 repre-
sentaunit line,andits reverse,perpendicularto theline onwhichtherealunits 	 1
aremeasured.In this sensetheimaginaryexpressiona

�
b
� �

1 is constructedby
measuringa lengtha alongthefundamentalline (for realquantities),andfrom its
extremityalineof lengthb in somedirectionperpendicularto thefundamentalline.
But hedid notattackthequestionof therepresentationof productsor quotientsof
directedlines.Thestephetook is really nothingmorethanthekinematicalprinci-
ple of thecompositionof linearvelocities,but expressedin termsof thealgebraic
imaginary.

In 1806(theyearof publicationof Buée’spaper)Argandpublishedapamphlet2

1Phil. Trans., 1806.
2Essai sur une manìere de repŕesenter les Quantit́es Imaginaires dans les Constructions

Géoḿetriques. A secondedition was publishedby Hoüel (Paris, 1874). Thereis addedan im-
portantAppendix, consistingof thepapersfrom Gergonne’s Annaleswhicharereferredto in thetext
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in which preciselythesameideasaredeveloped,but to a considerablygreaterex-
tent. For an interpretationis assignedto theproductof two directedlines in one
plane,wheneachis expressedas the sumof a real andan imaginarypart. This
productis interpretedasanotherdirectedline, formingthefourth termof apropor-
tion, of which the first term is the real (positive) unit-line, andthe othertwo are
the factor-lines. Argand’s work remainedunnoticeduntil the questionwasagain
raisedin Gergonne’s Annales, 1813,by Français. This writer statedthat he had
foundthegermof his remarksamongthepapersof his deceasedbrother, andthat
they hadcomefrom Legendre,whohadhimselfreceivedthemfrom someoneun-
named.This led to a letter from Argand,in which he statedhis communications
with Legendre,andgave a résuḿe of the contentsof his pamphlet. In a further
communicationto the Annales, Argandpushedon the applicationsof his theory.
He hasgiven by meansof it a simple proof of the existenceof n roots, andno
more,in every rationalalgebraicequationof thenth degreewith realcoefficients.
About 1828Warrenin England,andMourey in France,independentlyof onean-
otherandof Argand,reinventedthesemodesof interpretation;andstill later, in the
writings of Cauchy, Gauss,andothers,thepropertiesof theexpressiona

�
b
� �

1
weredevelopedinto the immenseandmostimportantsubjectnow calledthe the-
ory of complex numbers. From the morepurely symbolicalpoint of view it was
developedby Peacock,De Morgan,&c., asdoublealgebra.

Argand’smethodmaybeput,for reference,in thefollowing form. Thedirected
line whoselengthis a, andwhichmakesanangleθ with thereal(positive)unit line,
is expressedby

a
�
cosθ

�
i sinθ ��


where i is regardedas
� � �

1. The sum of two suchlines (formed by adding
togetherthe realandthe imaginarypartsof two suchexpressions)can,of course,
beexpressedasa third directedline—thediagonalof theparallelogramof which
they areconterminoussides.Theproduct,P, of two suchlinesis, aswehave seen,
givenby

1 : a
�
cosθ

�
i sinθ � :: a� � cosθ�

�
i sinθ��� : P


or
P � aa��
 cos

�
θ
�

θ���
�

i sin
�
θ
�

θ�������
Its lengthis, therefore,theproductof thelengthsof thefactors,andits inclination
to the realunit is thesumof thoseof the factors. If we write theexpressionsfor
thetwo linesin theform A

�
Bi, A�

�
B� i, theproductis AA� � BB�

�
i
�
AB�

�
BA� � ;

above. Almostnothingcan,it seems,belearnedof Argand’sprivatelife, exceptthatin all probability
hewasbornat Geneva in 1768.
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andthefactthatthelengthof theproductline is theproductof thoseof thefactors
is seenin theform

�
A2

�
B2 � � A� 2

�
B� 2 ��� �

AA� � BB� � 2
� �

AB�
�

BA� � 2 �
In themoderntheoryof complex numbersthisis expressedby sayingthattheNorm
of aproductis equalto theproductof thenormsof thefactors.

Argand’s attemptsto extendhis methodto spacegenerallywerefruitless.The
reasonswill be obvious later; but we mentionthemjust now becausethey called
forth from Servois (Gergonne’s Annales, 1813) a very remarkablecomment,in
whichwascontainedtheonly yetdiscoveredtraceof ananticipationof themethod
of Hamilton. Argandhadbeenled to deny that suchanexpressionas i i couldbe
expressedin theform A

�
Bi,—although,asis well known, Eulershowedthatone

of its valuesis arealquantity, theexponentialfunctionof
�

π � 2. Servoissays,with
referenceto thegeneralrepresentationof adirectedline in space:—

“L’analogiesembleraitexiger quele trinômefût dela forme

pcosα
�

qcosβ
�

r cosγ;

α, β, γ étantlesanglesd’unedroiteavectrois axesrectangulaires;
et qu’oneût

�
pcosα

�
qcosβ

�
r cosγ � � p� cosα

�
q� cosβ

�
r � cosγ �

� cos2α
�

cos2β
�

cos2 γ � 1. Les valeursde p, q, r, p� , q� , r �
qui satisferaient̀acetteconditionseraientabsurdes; maisseraient-
elles imaginaires,reductiblesà la forme géńerale A

�
B
� �

1 ?
Voilà unequestiond’analysefort singulìerequeje soumets̀a vos
lumières. La simple propositionque je vous en fais suffit pour
vousfaire voir queje ne crois point quetout fonction analytique
nonréellesoit vraimentreductibleà la formeA

�
B
� �

1.”
As will beseenlater, thefundamentali, j, k of quaternions,with their recipro-

cals,furnishasetof six quantitieswhichsatisfytheconditionsimposedby Servois.
And it is quitecertainthatthey cannotberepresentedby ordinaryimaginaries.

Somethingfar more closely analogousto quaternionsthan anything in Ar-
gand’swork oughtto havebeensuggestedby DeMoivre’s theorem(1730).Instead
of regarding,asBuéeandArgandhaddone,the expressiona

�
cosθ

�
i sinθ � asa

directedline, let ussupposeit to representtheoperator which,whenappliedto any
line in theplanein which θ is measured,turnsit in thatplanethroughtheangleθ,
andat thesametime increasesits lengthin theratio a : 1. Fromthenew point of
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view we seeatonce,asit were,why it is truethat

�
cosθ

�
i sinθ � m � cosmθ

�
i sinmθ �

For this equationmerelystatesthatm turningsof a line throughsuccessive equal
angles,in oneplane,give thesameresultasa singleturning throughm timesthe
commonangle. To make this processapplicableto anyplanein space,it is clear
that we must have a specialvalue of i for eachsuchplane. In other words, a
unit line, drawn in any directionwhatever, musthave

�
1 for its square.In sucha

systemtherewill beno line in spacespeciallydistinguishedasthe real unit line:
all will bealike imaginary, or ratheralike real.Wemaystate,in passing,thatevery
quaternioncanberepresentedasa

�
cosθ

�
ωsinθ � ,—wherea is a realnumber, θ

a real angle,andω a directedunit line whosesquareis
�

1. Hamilton took this
grandstep,but, aswe have alreadysaid,without any helpfrom thepreviouswork
of DeMoivre. Thecourseof his investigationsis minutelydescribedin thepreface
to his first greatwork3 on thesubject.Hamilton, like mostof themany inquirers
whoendeavouredto givearealinterpretationto theimaginaryof commonalgebra,
foundthatat leasttwo kinds,orders,or ranksof quantitieswerenecessaryfor the
purpose.But, insteadof dealingwith pointson a line, andthenwanderingout at
right anglesto it, asBuéeandArgandhaddone,he choseto look on algebraas
thescienceof pure time4, andto investigatethepropertiesof “sets” of time-steps.
In its essentialnaturea setis a linear functionof any numberof distinct units of
the samespecies.Hencethe simplestform of a set is a coupleandit wasto the
possiblelaws of combinationof couplesthatHamiltonfirst directedhis attention.
It is obvious that theway in which thetwo separatetime-stepsareinvolved in the
couplewill determinetheselaws of combination.But Hamilton’s specialobject
requiredthat theselaws shouldbesuchasto leadto certainassumedresults;and
hethereforecommencedby assumingthese,andfrom theassumptiondetermined
how the separatetime-stepsmust be involved in the couple. If we useRoman
lettersfor merenumbers,capitalsfor instantsof time,Greeklettersfor time-steps,
andaparenthesisto denoteacouple,thelawsassumedby Hamiltonasthebasisof
asystemwereasfollows:—

�
B1 
 B2 � ���

A1 
 A2 ��� �
B1

�
A1 
 B2

�
A2 ��� �

α 
 β � ;�
a
 b� � α 
 β ��� �

aα
�

bβ 
 bα
�

aβ ��� 5
3LecturesonQuaternions, Dublin, 1853.
4Theoryof ConjugateFunctions,or Algebraic Couples,witha PreliminaryandElementaryEssay

onAlgebra astheScienceof PureTime, readin 1833and1835,andpublishedin Trans.R.I.A., XVII.
ii. (1835).
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To show how we give, by suchassumptions,a real interpretationto theordinary
algebraicimaginary, take thesimplecasea � 0, b � 1, andthesecondof theabove
formulægives �

0
 1� � α 
 β ��� ���
β 
 α ���

Multiply oncemoreby thenumber-couple
�
0
 1� , andwe have

�
0
 1� � 0
 1� � α 
 β ��� �

0
 1� ��� β 
 α ��� ���
α 
 � β �

� ���
1
 0� � α 
 β ��� ���

α 
 β ���
Thus the number-couple

�
0
 1� , when twice appliedto a step-couple,simply

changesits sign. Thatwe have herea perfectlyreal andintelligible interpretation
of theordinaryalgebraicimaginaryis easilyseenby anillustration,evenif it bea
somewhatextravagantone.SomeEasternpotentate,possessedof absolutepower,
covetsthe vastpossessionsof his vizier andof his barber. He determinesto rob
themboth (anoperationwhich may bevery satisfactorily expressedby

�
1); but,

beingawag,hechooseshisown wayof doingit. Hedegradeshisvizier to theoffice
of barber, takingall hisgoodsin theprocess;andmakesthebarberhisvizier. Next
dayherepeatstheoperation.Eachof thevictims hasbeenrestoredto his former
rank,but theoperator

�
1 hasbeenappliedto both.

Hamilton, still keepingprominentlybeforehim ashis greatobjectthe inven-
tion of a methodapplicableto spaceof threedimensions,proceededto studythe
propertiesof triplets of the form x

�
jy
�

jz, by which he proposedto represent
thedirectedline in spacewhoseprojectionson thecoordinateaxesarex, y, z. The
compositionof two suchlinesby thealgebraicadditionof theirseveralprojections
agreedwith theassumptionof BuéeandArgandfor thecaseof coplanarlines.But,
assumingthe distributive principle, theproductof two lines appearedto give the
expression

xx� � yy� � zz�
�

i
�
yx�

�
xy� �

�
j
�
xz�

�
zx� �

�
i j
�
yz�

�
zy� ���

For the squareof j, like that of i, was assumedto be negative unity. But the
interpretationof i j presenteda difficulty,—in fact themaindifficulty of thewhole
investigation,—andit is speciallyinterestingto seehow Hamiltonattacked it. He
saw thathecouldgeta hint from thesimplercase,alreadythoroughlydiscussed,
provided the two factor lines were in oneplanethroughthe real unit line. This
requiresmerelythat

y : z :: y� : z� ; or yz� � zy� � 0;

5Comparethesewith thelong-subsequentideasof Grassmann,presentlyto bedescribed.
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but thentheproductshouldbeof thesameform astheseparatefactors.Thus,in
thisspecialcase,thetermin i j oughtto vanish.But thenumericalfactorappearsto
beyz�

�
zy� , while it is thequantityyz� � zy� whichreallyvanishes.HenceHamilton

wasat first inclinedto think that i j mustbetreatedasnil. But hesoonsaw that“a
lessharshsupposition”wouldsuit thesimplecase.For hisspeculationsonsetshad
alreadyfamiliarizedhim with theideathatmultiplicationmight in certaincasesnot
becommutative; sothat,asthelasttermin theaboveproductis madeupof thetwo
separatetermsi jyz� and j izy� , thetermwouldvanishof itself whenthefactorlines
arecoplanarprovided i j � �

j i, for it would thenassumetheform i j
�
yz� � zy� � . He

hadnow thefollowing expressionfor theproductof any two directedlines

xx� � yy� � zz�
�

i
�
yx�

�
xy���

�
j
�
xz�

�
zx���

�
i j
�
yz� � zy�����

But his resulthadto besubmittedto anothertest,theLaw of theNorms.As soon
ashe found,by trial, that this law wassatisfied,he took thefinal step. “This led
me,” hesays,“to conceive thatperhaps,insteadof seekingto confineourselvesto
triplets, ... weoughtto regardtheseasonly imperfectformsof Quaternions,... and
thatthusmy old conceptionof setsmight receiveanew andusefulapplication.” In
averyshorttimehesettledhisfundamentalassumptions.Hehadnow threedistinct
space-unitsi, j, k; and the following conditionsregulatedtheir combinationby
multiplication:—

i2 � j2 � k2 � �
1
 i j � �

j i � k
 jk � �
k j � i 
 ki � �

ik � j � 6

And now theproductof two quaternionscouldbeat onceexpressedasa third
quaternion,thus—

�
a
�

ib
�

jc
�

kd � � a�
�

ib�
�

jc�
�

kd� ��� A
�

iB
�

jC
�

kD 

where

A � aa� � bb� � cc� � dd� 

B � ab�

�
ba�

�
cd� � dc��


C � ac�
�

ca�
�

db� � bd� 

D � ad�

�
da�

�
bc� � cb� �

Hamilton at oncefound that the Law of the Normsholds,—notbeingawarethat
Eulerhadlongbeforedecomposedtheproductof twosumsof four squaresinto this

6It will beeasyto seethat,insteadof thelastthreeof these,wemaywrite thesingleonei jk ��� 1.
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very setof four squares.And now a directedline in spacecameto berepresented
asix

�
jy
�

kz, while theproductof two linesis thequaternion

���
xx�

�
yy�

�
zz� �

�
i
�
yz� � zy� �

�
j
�
zx� � xz� �

�
k
�
xy� � yx� ���

Toany oneacquainted,eventoaslightextent,with theelementsof Cartesiangeom-
etry of threedimensions,a glanceat theextremelysuggestive constituentsof this
expressionshowshow justly Hamiltonwasentitledto say—“Whentheconception
... hadbeenso far unfoldedandfixed in my mind, I felt that the new instrument
for applyingcalculationto geometry, for which I hadsolong sought,wasnow, at
leastin part,attained.” Thedateof thismemorablediscovery is October16,1843.

We candevote but a few lines to the considerationof the expressionabove.
Suppose,for simplicity, the factorlines to beeachof unit length. Thenx, y, z, x� ,
y� , z� expresstheir direction-cosines.Also, if θ betheanglebetweenthem,andx� � ,
y� � , z� � thedirection-cosinesof a line perpendicularto eachof them,we have

xx�
�

yy�
�

zz��� cosθ 
 yz� � zy��� x� � sinθ 
 &c. 

sothattheproductof two unit linesis now expressedas

�
cosθ

� �
ix� �

�
jy� �

�
kz� � � sinθ �

Thus,whenthefactorsareparallel,or θ � 0, theproduct,which is now thesquare
of any (unit) line, is

�
1. And whenthetwo factorlinesareat right anglesto one

another, or θ � π � 2, theproductis simply ix� �
�

jy� �
�

kz� � , theunit line perpendicu-
lar to both.Hence,andin this liesthemainelementof thesymmetryandsimplicity
of thequaternioncalculus,all systemsof threemutuallyrectangularunit lines in
spacehavethesamepropertiesasthefundamentalsystemi, j, k. In otherwords,if
thesystem(consideredasrigid) bemadeto turnabouttill thefirst factorcoincides
with i andthe secondwith j, the productwill coincidewith k. This fundamen-
tal system,therefore,becomesunnecessary;andthequaternionmethod,in every
case,takesits referencelinessolelyfrom theproblemto which it is applied.It has
therefore,asit were,auniqueinternal characterof its own.

Hamilton,having gonethusfar, proceededto evolve theseresultsfrom a train
of a priori or metaphysicalreasoning,which is sointerestingin itself, andsochar-
acteristicof theman,thatwebriefly sketchits nature.

Let it be supposedthat the productof two directedlines is somethingwhich
hasquantity; i.e., it may be halved, or doubled,for instance.Also let us assume
(a) spaceto have the samepropertiesin all directions,andmake the convention
(b) that to changethesignof any onefactorchangesthesignof a product. Then
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theproductof two lineswhich have thesamedirectioncannotbe, even in part,a
directedquantity. For, if thedirectedpart have the samedirectionasthe factors,
(b) shows thatit will bereversedby reversingeither, andthereforewill recover its
originaldirectionwhenbotharereversed.But thiswouldobviouslybeinconsistent
with (a). If it be perpendicularto the factor lines, (a) shows that it must have
simultaneouslyevery suchdirection.Henceit mustbeamerenumber.

Again, theproductof two linesat right anglesto oneanothercannot,even in
part, be a number. For the reversalof eitherfactormust,by (b), changeits sign.
But, if we look at the two factorsin their new positionby the light of (a), we see
thatthesignmustnot change.But thereis nothingto prevent its beingrepresented
by a directedline if, asfartherapplicationsof (a) and(b) show we mustdo, we
take it perpendicularto eachof thefactorlines.

Hamilton seemsnever to have beenquite satisfiedwith the apparenthetero-
geneityof a quaternion,dependingasit doeson a numericalanda directedpart.
He indulgedin a greatdealof speculationasto the existenceof an extra-spatial
unit, which wasto furnish the raisond’être of thenumericalpart,andrenderthe
quaternionhomogeneousaswell aslinear. But, for this, we mustrefer to his own
works.

Hamiltonwasnot theonly worker at thetheoryof sets.Theyearafterthefirst
publicationof the quaternionmethod,thereappeareda work of greatoriginality,
by Grassmann7, in which resultsclosely analogousto someof thoseof Hamil-
tonweregiven. In particulartwo speciesof multiplication(“inner” and“outer”) of
directedlinesin oneplaneweregiven.Theresultsof thesetwo kindsof multiplica-
tion correspondrespectively to thenumericalandthedirectedpartsof Hamilton’s
quaternionproduct.But Grassmanndistinctly statesin his prefacethathehadnot
had leisureto extendhis methodto anglesin space. Hamilton andGrassmann,
while their earlierwork hadmuchin common,hadvery differentobjectsin view.
Hamilton,aswehaveseen,badgeometricalapplicationashismainobject;whenhe
realizedthequaternionsystem,hefelt thathis objectwasgained,andthenceforth
confinedhimself to thedevelopmentof his method.Grassmann’s objectseemsto
have been,all along,of a muchmoreambitiouscharacter, viz., to discover, if pos-
sible, a systemor systemsin which every conceivablemodeof dealingwith sets
shouldbe included. Thathemadevery greatadvancestowardstheattainmentof
this objectall will allow; thathis method,evenascompletedin 1862,fully attains
it is not so certain. But his claims, however greatthey may be, can in no way

7Die Ausdehnungslehre, Leipsig, 1844,2d ed., “vollständig und in strenger Form bearbeitet,”
Berlin, 1862.Seealsothecollectedworksof Möbius,andthoseof Clif ford, for ageneralexplanation
of Grassmann’s method.
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conflict with thoseof Hamilton,whosemodeof multiplying couples(in which the
“inner” and“outer” multiplicationareessentiallyinvolved)wasproducedin 1833,
andwhosequaternionsystemwascompletedandpublishedbeforeGrassmannhad
elaboratedfor presseven the rudimentaryportionsof his own system,in which
theveritabledifficulty of thewholesubject,theapplicationto anglesin space,bad
not even beenattacked. Grassmannmadein 1854a somewhat savageonslaught
on CauchyandDe St Venant,the former of whom hadinvented,while the latter
hadexemplifiedin application,thesystemof “clefs algébriques,” which is almost
preciselythatof Grassmann.[Seeletternow appendedto this article. 1899.] But
it is to be observed that Grassmann,thoughhe virtually accusedCauchyof pla-
giarism,doesnot appearto have preferredany suchcharge againstHamilton. He
doesnot alludeto Hamiltonin thesecondeditionof his work. But in 1877,in the
MathematischeAnnalen, XII., hegaveapaper“On thePlaceof Quaternionsin the
Ausdehnungslehre,” in whichhecondemns,asfar ashecan,thenomenclatureand
methodsof Hamilton.

Therearemany othersystems,basedon variousprinciples,which have been
givenfor applicationto geometryof directedlines,but thosewhichdealwith prod-
ucts of lines are all of suchcomplexity as to be practically uselessin applica-
tion. Others,suchastheBarycentrische Calcül of Möbius,andthe Méthodedes
Équipollencesof Bellavitis, giveelegantmodesof treatingspaceproblems,solong
aswe confineourselvesto projective geometryandmattersof thatorderbut they
arelimited in their field, andthereforeneednot be discussedhere. More general
systems,having closeanalogiesto quaternions,have beengivensinceHamilton’s
discovery waspublished.As instanceswe maytake Goodwin’s andO’Brien’s pa-
persin theCambridge PhilosophicalTransactionsfor 1849.

Relationsto otherBranchesof Science.—Eventheabovebrief narrative shows
how closeis theconnexion betweenquaternionsandtheordinaryCartesianspace-
geometry. Werethis all, thegainby their introductionwould consistmainly in a
clearerinsight into the mechanismof coordinatesystems,rectangularor not—a
very importantadditionto theory, but little advancesofar aspracticalapplication
is concerned.But we have now to considerthat,asyet, we have not takenadvan-
tageof theperfectsymmetryof the method.Whenthat is done,the full valueof
Hamilton’s grandstepbecomesevident, and the gain is quite asextensive from
thepracticalasfrom thetheoreticalpoint of view. Hamilton, in fact,remarks8, “I
regardit asan ineleganceandimperfectionin this calculus,or ratherin thestate
to which it hashithertobeenunfolded,whenever it becomes,or seemsto become,
necessaryto have recourse... to theresourcesof ordinaryalgebra,for thesolution

8LecturesonQuaternions, # 513.
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of equationsin quaternions.” This refersto the useof the x, y, z coordinates,—
associated,of course,with i, j, k. But when, insteadof the highly artificial ex-
pressionix

�
jy
�

kz, to denotea finite directedline, we employ a singleletter, α
(HamiltonusestheGreekalphabetfor thispurpose),audfind thatwearepermitted
to dealwith it exactly aswe shouldhave dealtwith themorecomplex expression,
theimmensegainis at leastin partobvious.Any quaternionmaynow beexpressed
in numeroussimpleforms. Thuswe mayregardit asthesumof a numberanda
line, a

�
α, or astheproduct,βγ, or thequotient,δε � 1, of two directedlines,&c.,

while, in many cases,wemayrepresentit, sofar asit is required,by asingleletter
suchasq, r, &c.

Perhapsto thestudentthereis no partof elementarymathematicssorepulsive
as is sphericaltrigonometry. Also, everything relating to changeof systemsof
axes,asfor instancein thekinematicsof a rigid system,wherewehave constantly
to considerone set of rotationswith regard to axes fixed in space,and another
setwith regardto axesfixedin thesystem,is a matterof troublesomecomplexity
by theusualmethods.But every quaternionformula is a propositionin spherical
(sometimesdegradingto plane)trigonometry, and hasthe full advantageof the
symmetryof themethod.And oneof Hamilton’s earliestadvancesin thestudyof
his system(anadvanceindependentlymade,only a few monthslater, by Cayley)
wasthe interpretationof thesingularoperatorq

� � q� 1, whereq is a quaternion.
Applied to any directedline, this operatorat onceturns it, conically, througha
definiteangle,abouta definiteaxis. Thus rotation is now expressedin symbols
at leastassimply as it canbe exhibited by meansof a model. Had quaternions
effectednothingmorethanthis, they would still have inauguratedoneof themost
necessary, andapparentlyimpracticable,of reforms.

Thephysicalpropertiesof a heterogeneousbody(providedthey vary continu-
ouslyfrom point to point) areknown to depend,in theneighbourhoodof any one
point of the body, on a quadricfunctionof thecoordinateswith referenceto that
point. Thesameis trueof physicalquantitiessuchaspotential,temperature,&c.,
throughoutsmall regionsin which their variationsarecontinuousandalso,with-
out restrictionof dimensions,of momentsof inertia, &c. Hence,in addition to
its geometricalapplicationsto surfacesof thesecondorder, the theoryof quadric
functionsof positionis of fundamentalimportancein physics.Herethesymmetry
pointsat onceto theselectionof thethreeprincipalaxesasthedirectionsfor i, j,
k; and it would appearat first sight as if quaternionscould not simplify, though
they might improve in elegance,thesolutionof questionsof this kind. But it is not
so. Evenin Hamilton’s earlierwork it wasshown thatall suchquestionswerere-
ducibleto thesolutionof linear equationsin quaternions; andheprovedthat this,
in turn, dependedon thedeterminationof a certainoperator, which couldbe rep-
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resentedfor purposesof calculationby a singlesymbol.Themethodis essentially
thesameasthatdeveloped,underthenameof “matrices”by Cayley in 1858but
it hasthepeculiaradvantageof thesimplicity which is thenaturalconsequenceof
entirefreedomfrom conventionalreferencelines.

Sufficient hasalreadybeensaidto show thecloseconnexion betweenquater-
nionsandthetheoryof numbers.But onemostimportantconnexion with modern
physicsmustbe pointedout, as it is probablydestinedto be of greatservicein
theimmediatefuture. In thetheoryof surfaces,in hydrokinetics,heat-conduction,
potentials,&c., weconstantlymeetwith whatis calledLaplace’s operator, viz.,

d2

dx2

�
d2

dy2

�
d2

dz2 �
We know that this is an invariant; i.e., it is independentof the particulardirec-
tions chosenfor the rectangularcoordinateaxes. Here, then, is a casespecially
adaptedto theisotropy of thequaternionsystemandHamiltoneasilysaw that the
expression

i
d
dx

�
j

d
dy

�
k

d
dz

could be, like ix
�

jy
�

kz, effectively expressedby a single letter. He chosefor
this purpose∇. And we now seethat thesquareof ∇ is thenegative of Laplace’s
operator;while ∇ itself, whenappliedto any numericalquantityconceivedashav-
ing a definitevalueat eachpoint of space,givesthedirectionandtherateof most
rapid change of that quantity. Thus,appliedto a potential,it givesthe direction
andmagnitudeof theforce; to a distribution of temperaturein a conductingsolid,
it gives(whenmultiplied by theconductivity) theflux of heat,&c.

No bettertestimony to thevalueof thequaternionmethodcouldbedesiredthan
theconstantusemadeof its notationby mathematicianslike Clifford (in his Kine-
matic) andby physicistslike Clerk-Maxwell (in his Electricity and Magnetism).
Neitherof thesemenprofessedto employ thecalculusitself, but they recognized
fully theextraordinaryclearnessof insightwhich is gainedevenby merelytrans-
lating theunwieldyCartesianexpressionsmetwith in hydrokineticsandin electro-
dynamicsinto thepregnantlanguageof quaternions.

Workson theSubject.—Of coursethegreatworkson this subjectarethe two
immensetreatisesby Hamiltonhimself. Of thesethesecond(Elementsof Quater-
nions, London,1866; 2nd ed. 1899)wasposthumous—incompletein oneshort
partof theoriginal planonly, but thata mostimportantpart,thetheoryandappli-
cationsof ∇. Thesetwo works,alongwith Hamilton’sotherpapersonquaternions
(in the Dublin ProceedingsandTransactions, the PhilosophicalMagazine, &c.),
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arestorehousesof information,of whichbut asmallportionhasyetbeenextracted.
A Germantranslationof Hamilton’sElementshasrecentlybeenpublishedby Glan.

Otherworkson thesubject,in orderof date,areAllegret,Essaisur le Calcul
desQuaternions(Paris,1862);Tait, An ElementaryTreatiseon Quaternions(Ox-
ford,1867;2nded.,Cambridge,1873;3rd,1890;Germantranslationby V. Scherff,
1880,andFrenchby Plarr, 1882-84);KellandandTait, Introductionto Quaternions
(London,1873; 2nd ed. 1882); Hoüel, Élémentsde la Théorie desQuaternions
(Paris,1874);Unverzagt,Theorieder Quaternionen(Wiesbaden,1876);Laisant,
Introduction à la MéthodedesQuaternions(Paris, 1881); Graefe,Vorlesungen
überdie Theorieder Quaternionen(Leipsig,1884). [To thesemustnow beadded
McAulay, Utility of Quaternionsin Physics,London,1893;aswell asanumberof
elementarytreatises.1899.]

An excellentarticleonthe“Principles”of thescience,by Dillner, will befound
in theMathematischeAnnalen, vol. XI., 1877. And a very valuablearticleon the
generalquestion,Linear AssociativeAlgebra, by the late Prof. Peirce,was ul-
timately printed in vol. iv. of the AmericanJournalof Mathematics.Sylvester
andothershave recentlypublishedextensive contributionsto the subject,includ-
ing quaternionsunderthegeneralclassmatrix, andhave developedmuchfarther
thanHamilton lived to do thesolutionof equationsin quaternions.Severalof the
worksnamedabovearelittle morethancompilations,andsomeof theFrenchones
arepainfully disfiguredby anattemptto introduceanimprovementof Hamilton’s
notation; but the merefact that so many have alreadyappearedshows the sure
progresswhich themethodis now making.

[In an article by Prof. F. Klein (Math. Ann. LI. 1898)a claim is somewhat
obscurelymadefor Gaussto ashare,at least,in theinventionof Quaternions.Full
informationon thesubjectis postponedtill thepublicationof Gauss’Nachlass,in
Vol. VIII. of his GesammelteWerke. Fromthearticlementionedabove,andfrom
a “Digressionon Quaternions”in Klein und SommerfeldUeberdie Theoriedes
Kreisels(p. 58), this claim appearsto reston somesingularmisapprehensionof
thenatureof a Quaternion:—wherebyit is identifiedwith a totally differentkind
of concept,acertainvery restrictedform of linearandvectorOperator. 1899.]

APPENDIX.

QUATERNIONS AND THE AUSDEHNUNGSLEHRE.

[Nature,June4th,1891.]
Prof. Gibbs’ secondlong letter was evidently written beforehe could have
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readmy reply to the first. This is unfortunate,as it tendsto confusethosethird
partieswho maybeinterestedin thequestionnow raised.Of coursethatquestion
is naturallyconfinedto the inventionof methods,for it would bepreposterousto
compareGrassmannwith Hamiltonasananalyst.

I have againreadmy article “Quaternions”in theEncyc.Brit., andhave con-
sultedoncemoretheauthoritiestherereferredto. I havenot foundanythingwhich
I shouldwish to alter. Thereis much, of course,which I shouldhave liked to
extend,hadtheEditor permitted.An articleon Quaternions,rigorouslylimited to
four pages,couldobviously beno placefor adiscussionof Grassmann’s scientific
work, exceptin its bearingsuponHamilton’s calculus.Moreover, hadasimilarar-
ticle on theAusdehnungslehre beenaskedof me,I shouldcertainlyhave declined
to undertake it. Since1860,when I ceasedto be a Professorof Mathematics,I
have paid no specialattentionto generalsystemsof Sets,Matrices, or Algebras;
andwithout muchfurther knowledgeI shouldnot attemptto write in any detail
aboutsuchsubjects.I may, however, call attentionto the factswhich follow for
they appearto bedecisive of thequestionnow raised.Cauchy(ComptesRendus,
10/1/53)claimedquaterniaasaspecialcaseof his“clefs algébriques.” Grassmann,
in turn (ComptesRendus,17/4/54; andCrelle, 49), declaredCauchy’s methods
to be preciselythoseof the Ausdehnungslehre.But Hamilton (Lectures, Pref. p.
64, foot-note),saysof the clefs algébriques(andtherefore,on Grassmann’s own
showing, of themethodsof theAusdehnungslehre)that they are“ includedin that
theoryof SETSin algebra... announcedby mein 1835... of which SETSI have
alwaysconsideredtheQUATERNIONS... to bemerelyaparticular CASE.”

Butall thishasnothingtodowith Quaternions,regardedasacalculus“uniquely
adaptedto Euclidianspace.” Grassmannlived to have his fling at them,but (so
far asI know) he venturedon no claim to priority. Hamilton,on the otherhand,
even after readingthe first Ausdehnungslehre, did claim priority and was never
answered.He quoted,andcommentedupon,the very passage(of the Prefaceto
that work) my allusionto which is censuredby Prof. Gibbs. [Lectures, Pref. p.
62, footnote.] I still think, andit would seemthat Hamilton alsothought,that it
wassolelybecauseGrassmannhadnot realizedtheconceptionof thequaternion,
whetheras βα or as βα � 1, that he felt thosedifficulties (as to anglesin space)
which he sayshe hadnot had leisureto overcome. I have not seenthe original
work, but I haveconsultedwhatprofessesto beaverbatimreprint,producedunder
theauthor’s supervision.[Die Ausdehnungslehre von1844,oderdie linealeAus-
dehnungslehre, &c. Zweite, im Text unverunderteAuflage. Leipzig, 1878.] Prof.
Gibbs’ citationsfrom my articlegive a very incompleteandone-sidedrepresenta-
tion of thefew remarksI felt it necessaryandsufficient to makeaboutGrassmann.
I neednot quotethemhere,asanyoneinterestedin themattercanreadilyconsult
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thearticle.
In regardto Matrices,I donot think I haveeverclaimedanything for Hamilton

beyond the separable φ, andthe symboliccubic (or biquadratic,asthe casemay
be) with its linear factorsand theseI still assertto be exclusively his. My own
work in this directionhasbeenconfinedto Hamilton’s φ, with its squareroot, its
applicationsto stressandstrain,&c.

As to thegeneralhistory, of which (asI have saidabove) I claim no exactor
extensive knowledge,Cayley andSylvesterwill, no doubt,defendthemselves if
they seefit. It would be at onceridiculousandimpertinenton my part wereI to
take up thecudgelsin theirbehalf.
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